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A bstract
The thermal t ra n sp ira t io n  law has been re v ise d  in a rigorou s  
treatment. This phenomenon, d is cov ered  by Newmann, Feddersen and 
Reynolds, has been trea ted  by Maxwell and Knudsen from k in e t i c  theory 
c o n s id e r a t io n s .  In the present r e p o r t ,  i t  has been shown that the 
Maxwell and Knudsen th e o r ie s  do not g ive  a d e t a i le d ,  m icroscop ic  
d e s c r ip t io n  and are on ly  v a l id  f o r  a system with near Maxwellian 
d i s t r ib u t io n  everywhere. However, the re v ise d  and exact  theory con ­
ta in s  a s e t  o f  new in varian ts  which d ev ia te  from the c l a s s i c a l  theory 
by a geom etrica l f a c t o r  I .  This fa c t o r  ( i s o t r o p y )  is  a measure o f  the 
i s o t r o p i c  c h a r a c t e r i s t i c s  o f  the v e l o c i t y  d i s t r ib u t io n  fu n c t io n  in a 
s ta t io n a ry  n on -equ il ibr iu m  system. The new in varian ts  o f  thermal 
t r a n s p ir a t io n  in the Knudsen regime are —^  and nJr I .  In gen era l ,
V t
I  is  not equal to  u n ity  or a constant value in a thermal t ra n s p ira t io n
system.
1I .  INTRODUCTION
I t  is  w e l l  known that a mass o f  gas en c losed  in two in t e r ­
connected v e s s e ls  w i l l  reach a thermodynamical equ ilib r iu m  s ta te  such 
that the pressure in s ide  is  constant throughout the system, provided 
that the temperature on the boundary is  a ls o  un iform ly  d i s t r ib u t e d .  For 
ord inary  gas in a high den s ity  regime, even i f  the gas in one o f  the 
v e s s e ls  has a higher temperature than the o th e r ,  the pressure d i s t r i ­
bution  in both v e s s e ls  s t i l l  remains uniform , as the well-known 
Gay-Lussac’ s law must be obeyed. However, in a very  low den s ity  regime, 
i t  is  found that the eq u ilib r iu m  pressure is  always higher in the high 
temperature reg ion  and, m oreover, the pressure is  no longer p ro p o r t io n a l  
to  the a bso lu te  temperature. This phenomenon was f i r s t  observed by
1 o ^Newmann (1872) and la te r  by Feddersen (1 873 ).  In 1879, Reynolds
showed exp er im en ta lly ,  in an in v e s t ig a t io n  with a p la s te r  o f  paris
plug separatin g  two r e g io n s ,  that at  very low d e n s i t i e s ,  the eq u ilib r iu m
pressures on the two s id es  are r e la te d  by the equ ation ,
P l = P2
VT^ ^/T^
where T  ^ and T  ^ are the abso lu te  temperatures o f  the gas in the two 
separated r e g io n s ,  and p^ and p2 are the corresponding  equ ilib r iu m  
p re s s u r e s .
4 S 6Maxwell (1879) and Knudsen (1910) * proved the Reynolds law 
f o r  the case o f  a tube, instead  o f  a porous p lug , connecting  two large 
v e s s e ls  using  simple k in e t i c  theory in the fre e -m o le cu la r  regime.
2Knudsen was a lso  able  to  p r e d ic t  th a t ,  in the fr e e -m o le cu la r  regime, the 
c o n d it io n  f o r  zero f low  at any s e c t io n  o f  the tube is  that p A /i  be con ­
stant along the tube. In th is  case the co n d it io n  f o r  equ ilib r iu m  is  not 
that pressures should be equal but that the ra te  at which m olecules pass 
through any s e c t io n  o f  u n it  area , normal to  the temperature g ra d ien t ,  
should be equal f o r  each d i r e c t i o n .  This is  assumed to  be l/4*nmv, from 
Meyers equation  f o r  the number o f  m olecules which s t r ik e  u n it  area per 
u n it  time in an equ ilib r iu m  s t a t e .  I t  is  apparent that the a p p l ic a t io n  
o f  Meyers' equation  is  only  p erm iss ib le  in the fr e e -m o le cu la r  regime.
In order that these two co n d it io n s  be obeyed sim ultaneously  in a u n i ­
form tube with a temperature g ra d ie n t ,  the eq u ilib r iu m  p ressu res ,  as 
concluded by Knudsen, must be p ro p o r t io n a l  to  the square ro o t  o f  the 
abso lu te  temperature throughout the tube and, th ere fo re ,  R eyn olds ' law 
o f  thermal t r a n s p ira t io n  is  v a l id  only  when the mean fr e e  path is  much 
g rea ter  than the diameter o f  the tube.
The Knudsen theory shows that the c o n d it io n  f o r  zero f low  
(s ta t io n a r y  s ta te )  is  that p /a/ t be constant along the tube. The d e f i n i ­
t ion s  o f  p and T in Knudsen's theory are proved to  be not exact  from
-  2
k in e t i c  theory po in t  o f  view . In h is  d e f i n i t i o n ,  T -  —  (—) , which is 
—  2R 2
1 2  _» 
not equal to  —  C in an a n is o t r o p ic  but s ta t io n a ry  (v =_0) system, and
2
p = mnRT which likew ise  is not n e c e s s a r i ly  equal to  mn . Thus, h is  
d e f i n i t i o n  is  only v a l id  in a system with near Maxwellian d i s t r ib u t io n  
throughout the re g io n .  I t  is  apparent that the d i s t r ib u t io n  fu n c t io n  in 
a thermal t ra n s p ira t io n  system may be s u b s ta n t ia l ly  d i f f e r e n t  from 
Maxwellian in c e r ta in  re g io n s .
3In this paper, we s h a l l  prove r ig o r o u s ly  that pA/T in i t s  true 
d e f i n i t i o n  is  not an in varian t throughout the system, but in v e rse ly  
p ro p o r t io n a l  to  a geom etr ica l  fu n c t io n  I which is  a measure o f  the i s o ­
tropy o f  the v e l o c i t y  d i s t r ib u t io n  fu n c t io n .  I t  is  found that p i A /Ï  
and n jr  I are new in varian ts  in the thermal t r a n s p ir a t io n  system.
This theory is  v a l id  f o r  any temperature d i s t r ib u t i o n  with a rb itr a r y  
thermal accommodation c o e f f i c i e n t s  on the boundary.
4I I . THEORY
Let us con s id er  a steady s ta te  o f  a simple gas at r e s t  in a 
c lo s e d  system under no e x te rn a l  f o r c e s .  The temperature d i s t r ib u t io n  
on the su rface  o f  the system can be assumed a r b i t r a r i l y .  R e f l e c t io n  
o f  the m olecules is  assumed to  be com plete ly  d i f f u s e  ( ta n g e n t ia l  momentum 
accommodation c o e f f i c i e n t ,  cj = 1) with an accommodation c o e f f i c i e n t  a . 
The d en s ity  o f  the gas is  so low that in term olecu lar  c o l l i s i o n s  o f  the 
gas in the system are assumed to  have a n e g l i g ib l e  e f f e c t .  The s o lu t io n  
o f  th is  problem is uniquely  determined by the Boltzmann equation  in the 
absence o f  c o l l i s i o n s ;  the in te g r a l  equation  f o r  su r face  c o l l i s i o n  
d en s ity  which is dependent on ly  on the d i f fu s e  r e f l e c t i o n  law and the 
geometry o f  the system; and the t o t a l  number o f  m olecules in the system,
F igure 1.
A. Boltzmann Equation in Knudsen Gas Regime
In the fr e e -m o le cu la r  regim e, the Boltzmann equation reduces 
to  the fo l lo w in g  equ ation ,
Df b f  ^ -» 
Dt = ô t  + V (2.1)
where f  = f ( v , x , t )  is  the v e l o c i t y  d i s t r ib u t i o n  fu n c t io n .  In th is  type 
o f  i n i t i a l - v a l u e  problem, the s o lu t io n  o f  th is  f i r s t  o rd e r ,  l in e a r ,  par­
t i a l  d i f f e r e n t i a l  equation  is
f ( v , x , t )  = f ( v , x - v ( t - t Q) ,  t Q) , ( 2 . 2 )
5where is  the value at which x - v ( t - t ^ )  in t e r s e c t s  the boundary whenever
th is  y ie ld s  a r e s u l t ,  t > 0 .o
The s o lu t io n  fo r  a s t e a d y -s ta te  f low  becomes
f ( v , x )  = f ( v , x - v ( t - t  ) ) .  ( 2 . 3 )o
In terms o f  the su rface  c o l l i s i o n  d en s ity  N (s) as i t s  i n i t i a l  value in 
a d i f fu s e  r e f l e c t i o n  boundary c o n d i t i o n ,  Eq. ( 2 .3 )  becomes
2 2
= n b  (RT_) exp { - ( - ¿ r M v S - v i i - t  ) ]  |}N(s) ( 2 .4 )
s s s
in which v is  p a r a l le l  t o  ( x - s ) ,  v ( t - t Q) = ( x - s ) ,  and N (s ) ,  is  the su r­
face  c o l l i s i o n  d e n s ity ;  T and n are the temperature and d en s ity  o f  thes s
gas leav in g  the boundary s r e s p e c t iv e ly .
The d i s t r ib u t io n  fu n c t io n  in a small s o l i d  angle O' at p o in t  x
\
can be d escr ibed  as f o l l o w s ,
2 2
W x) 6XP f ‘ ( 2R T ^ I VJ  3V S) <2 ‘ 5>
where N ^ (s ) ,  n  ^ and T  ^ are the su rface  c o l l i s i o n  d e n s ity ,  d e n s ity ,  and 
temperature in the s o l i d  angle Oi o f  m olecu les coming from the boundary 
at s in te r s e c te d  by the o p p os ite  d i r e c t i o n  o f  the s o lu t io n  angle a at x .  
I f  the i n i t i a l  d i s t r ib u t io n  fu n c t io n  from su r faces  is  i s o t r o p i c  (or  
Maxwellian) in the h a l f  space o f  d i r e c t io n s  away from the w a l l ,  then,
N(s) = % n C or N^(s) = % n^ cT (2 .6 )
in which is  the number den s ity  o f  the m olecules in the s o l i d  angle Oi 
and Ca is  the mean v e l o c i t y  o f  the m olecules in the s o l i d  angle Oi.
6B. Surface C o l l i s i o n  Density  (N (s ) )
In a c lo s e d  system with a r b i tr a r y  temperature d i s t r ib u t io n  on
the boundary, the su r fa ce  c o l l i s i o n  d en s ity  s a t i s f i e s  the same in te g r a l  
9equation  f o r  uniform temperature d i s t r ib u t i o n  on the boundary because 
the kernel (o r  t r a n s i t io n  p r o b a b i l i t y )  o f  the in te g r a l  equation  is  inde­
pendent o f  the temperature d i s t r ib u t i o n  in a f i e l d  f r e e  from ex tern a l  
f o r c e s .  The in te g r a l  equation  is  a homogeneous Fredholm in te g r a l  equation  
o f  the second k ind , i . e . ,
N (s) = < fs ,N (s ' )  T(s ' , s )d s  ' . ( 2 .7 )
A ccording to  the co s in e  law f o r  d i f fu s e  r e f l e c t i o n ,  the kernel T ( s ' , s )  
is  always symmetric, i . e . ,
T(s ' , s )  = T ( s , s ' )  (2 .8 )
and in a system w ithout a bsorp t ion  and em ission  on the boundary, the 
kernel s a t i s f i e s  the a d d it io n a l  co n d it io n
<fs . T ( s , s ' )  d s '  = 1 . ( 2 . 9)
F ollow ing  these two c o n d i t io n s ,  Eq. (2 .7 )  becomes
N (s) = £ s , N ( s ' )  T ( s , s  ' )  d s '  = NCT7) (2 .1 0 )
where N(s) is  the average value o f  N ( s ' )  over a l l  the c lo s e d  boundaries . 
E v id en t ly ,  N(s) must be a constant along the boundary. However, the 
s o lu t io n  o f  th is  homogeneous in te g r a l  equation  is  not unique unless 
another co n d it io n  is  p rov ided , and we may choose i t  to  be e i th e r  that
7the t o t a l  number o f m olecules in the system or the t o t a l  energy o f  the 
gas in the system be g iven .
C. A n - is o t r o p ic  D is t r ib u t io n  Function ( f  _ )
9 >6
Let us choose s p h e r ic a l  coord in a tes  cp ,0 at a p o in t  x and d e fin e  
an a n - i s o t r o p i c  v e l o c i t y  d i s t r ib u t i o n  fu n c t ion  f  ( x ,y ,z ,c p ,9 , c , t )  in phase 
and time space.
A ccording to  Eq. ( 2 . 5 ) ,  the d i s t r ib u t io n  fu n c t io n  at p o in t  x 
in th is  new phase space f o r  steady s ta te  f low  becomes
f  = f  . = -  Oi cp ,0 n
l  i   ^ ^
9^ ----- > eXP l - ( ü î ------>L Q 2tt vRT _cp ,0 cp,0 9 cp ,e
3 ta
The d i s t r ib u t i o n  fu n c t io n  can a ls o  be determined d i r e c t l y  from Eq.
(2 .3 )  and the i n i t i a l  d i s t r ib u t i o n  on the boundary, i . e . ,
,2
cp,© cp,0
( 2 . 11)
3/2
fcp ,0 2^rrRT ■)
9 ,0
’9 ,0 e 12RT9 , 0 ;
or = ( 2ttRT -)
3 /2
'9,0
2RTp,e / -  ( 2 , 12)
Comparing Eqs. (2 .1 1 )  and ( 2 .1 2 ) ,  i t  is  ev ident that n q/7 t 7  = N (s )a/— =K
cp,0v cp,0 W V R
which i s  an invarian t throughout the system. Thus we have
x 3 /2
ncp, © fcp,© ~ K 2^ttR^  (ï -)
9 »6 2RT9 ,0 /
(2 .1 3 )
The in varian t K, which w i l l  be determined la t e r ,  is  a fu n c t io n  o f  the
t o t a l  number o f  the m o lecu les ,  the temperature d i s t r ib u t i o n  on the boundary
and the accommodation c o e f f i c i e n t  a ( s ) .
A ccording to  the d i s t r ib u t i o n  fu n c t io n  f  - we may d e fin e  any9
average quantity  Q which is  a fu n c t io n  o f  v e l o c i t y  C as f o l l o w s ;
_  J n fn n Q  ¿2
Q  = 9 , 9  cp , 9
fn Qf  . dSJ cp ,0 cp ,0
(2 .1 4 )
8D. P h ysica l P ro p e rt ie s
Since we have de fin ed  f  q ( x , y , z , c ,cp ,9 , t )  as the v e l o c i t y  d i s ­
t r ib u t io n  fu n ct ion  in the d i r e c t i o n  o f  cp ,9 and n . as the number den s itycp,9 J
in the d i r e c t i o n  o f  cp,9 and K = n -J T Q as an in varian t  throughout a l lcp cp
the system, then the d e n s ity ,  v e l o c i t y ,  tem perature, s t a t i c  pressure and 
s t r e s s  tensor can be evaluated as f o l l o w s :
( i )  Density at p o in t  x ;
n(i) = JVe^ £cp,e(^ )d“
J  f  p k(JLs3/2 f_L 2
J J J ~ v2ttR' '‘T J  e 2RT A
cp=0 9=0 C=0 CP>0 ' CP»6
1 tt 2n i
= K 4^ J J ~ ~ ~  s in  <P d 9 d9.
cp=0 9=0 A p . e
C s in  cp d cp d 9 d C
(2 .1 5 )
( i i )  Temperature at p o in t  x ;
1 ~2 1 J nn
2 -♦
li Qf  _C dcu
T(x) = ^ -  = —  CP?9 --------
'  3R 3R J* —>n Q f  Q dcu cp,9 cp,9
x tt 2tt co 3 /2  2
= J J (y-H
Cp ,9
3Rn J ~ v2ttR 
cp=0 9=0 C=0
K  ^ rr 2tt
=  I  J" ' ^ V e  s l n  V  d  <P d e
cp=0 9=0 
TT 2TT
J J* Ap,9 sin 9 d 9 de
_  cp=0 9 = 0 _________
TT 2TT ' ^
J J ^  e s i n cp d cp d9
2RT .\ cp ,9 /
q.
C s in  cp d cp d 9 d C
cp=0 9=0
(2 .1 6 )
9( i i i )  Pressure at p o in t  x ;  
The s t a t i c  pressure is  de fin ed  as,
—*   I O
P (x ) = mnRT = -  mn C
= m I  nœ.fiR Tcn fidu)
= mKR
cp,e p,e cp,e
-, 3 /2  TT 2n oo
^  J- J J 7 ^
cp=o e=o c=o ^ Tcp,e
ÏÏ 2tt
. 2RT .cp,0-
C s i n c p d c p d G d C
= m K R j  Ì  s in  <p d <p ¿e .
cp=0 0=0
( i v )  V e lo c i t y  at p o in t  x ;
V = V, = -  P V. n Qf  -dœ = 0 . i  n J i  cp0 cp0
(2 .1 7 )
(2 .1 8 )
(v )  Mean m olecular speed at p o in t  x ;
C (x) = -  J n f  ftCdw = —n J cp© cp0 n ^ TT
( v i )  Mean f lu x  per u n it  area at p o in t  x ;
(2 .1 9 )
I  nC = k / ^  = N (s) . ( 2 . 20)
( v i i )  S tress  tensor  at po in t  x ;
p . . = m P V . V . n Qf  
i j  J i  j  cp>9 9 , da) = p6 . . - T . . (2 . 21)
in which p = — p
F 3 Fi i
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E. I so tro p y  ( I )
I t  is w e l l  known that the d i s t r ib u t io n  fu n c t ion  dev ia tes  
from Maxwellian a p p rec ia b ly  in c e r ta in  reg ion s  o f  a thermal t ra n s p ira ­
t io n  system, such as in and near the tube connecting  two large  v e s s e ls  
or in the gas between two p a r a l l e l  p la te s  with d i f f e r e n t  temperatures. 
The d i s t r ib u t io n  fu n c t io n  in such systems is  no longer i s o t r o p i c .  In 
many c l a s s i c a l  treatm ents, the usual assumption o f  nearly  Maxwellian 
d i s t r ib u t i o n  is very e f f e c t i v e  and approximate s o lu t io n s  can e a s i l y  
be ob ta in ed . Although the importance o f  the a n - i s o t r o p i c  c h a r a c t e r i s ­
t i c s  o f  thermal m olecular f low  has long been recogn ized  but not 
r ig o r o u s ly  treated  by k in e t i c  t h e o r i s t s ,  i t  seems necessary  to  in t r o ­
duce a new geom etrica l property  which is a measure o f  the is o tro p y  o f  
the v e l o c i t y  d i s t r ib u t io n  fu n c t io n  in a s ta t io n a ry  s t a t e ,  e s p e c ia l l y  
in the s ta t io n a ry  thermal t ra n s p ira t io n  system.
In a s ta t io n a ry  s t a t e ,  the is o tro p y  ( I )  is  d e f in ed  as f o l l o w s ,
TT 2TT
I ( x )  =
r  «  " ■  __ __  TT 2tt
4tt L  J J s in  cp d cp d 0  J  J  ■ s in cp d cp d 0
cp=0 0=0 cp=0 0=0 ^ p ,0
( 2 . 22)
or
=  4 tt
TT 2TT TT 2TT
J  J  ncp ,0 s in  cp d cp d0 j  J  “ —  s in  cp d cp d0
cp=0 0=0 cp=0 0=0 cp,e
-h
( 2 . 2 3 :
A ccording to  the theory o f  in e q u a l i ty ,  i t  is  ev iden t that 0 <  I  <  1  
provide that T q >  0  i n  the domain 0  < cp <  n  and 0  <  0 <  2tt .
11
In the previous examples, the is o tro p y  in , and in the ne ighbor­
hood o f ,  the tube which connects  two v e s s e ls  with d i f f e r e n t  temperature 
in a Knudsen regime is  ob v iou s ly  d i f f e r e n t  from u n ity .  This is  simply 
because is  not constant in these r e g io n s .  In Knudsen's th eory , i t  
is  ev id en t  that there is  no exact  d e f i n i t i o n  o f  the s t a t i c  pressure _  
as w e l l  as the temperature (s in c e  T -  f g | ) 2 ?  and p s  mnRT ,,
T h ere fore ,  the c l a s s i c a l  theory is  v a l id  on ly  f o r  a nearly  Maxwellian 
system in which the pressure and temperature de fined  by Knudsen, approach 
the thermodynamical p ro p e rt ie s  and a l s o  the is o tro p y  de fin ed  above 
approaches u n ity .  The om ission o f  the is o tro p y  in the f low  f i e l d  by
Knudsen is  indeed the main reason that h is  theory o f  thermal t ra n s p ira t io n  
is  not e x a ct .
F. Theory o f  Thermal T ran sp ira tion
Accord ing  to  the p h y s ica l  p ro p e r t ie s  and the new geom etr ica l 
fu n c t io n  1 , a s e t  o f  invarian ts  such as the fo l l o w in g ,  which govern 
the phenomenon o f  thermal t r a n s p ira t io n  has been e s ta b l is h e d .
n ^ T  I = K (2 .24a )
= mKR (2 .24b )
pn mK2R (2 .2 4 c )
where K = N(s) /  2tt ,^ r 1S an invarian t throughout the system.
12
The new law o f  thermal t ra n s p ira t io n  (Eq. ( 2 .2 2 ) )  can be reduced 
to  the c l a s s i c a l  law o f  Reynolds, Maxwell and Knudsen, provided that the 
is o t ro p y  approaches un ity  (or  a constant va lue) throughout the system.
In most thermal t ra n s p ira t io n  systems, the is o tro p y  is  not always 
equal to  un ity  or a constant everywhere. I t  is  r e a l l y  an important property  
f o r  an a n - i s o t r o p i c  d i s t r ib u t i o n  fu n c t io n  in a system such as: in and
near a tube which connects  two large  v e s s e ls  with d i f f e r e n t  temperatures; 
heat condu ction  with a r b i tr a r y  geom etries ; and fo r  Knudsen9s abso lu te  
manometer, and Crookes radiom eter; e t c .
G. The Invariant K
Since the su rface  c o l l i s i o n  d en s ity  N (s) on the boundary is  a 
con sta n t ,  the quantity  K = ^ qa/ t^ q is  an in varian t  throughout the reg ion  
The r e la t i o n  between these two q u a n t it ie s  is
N(s) = K
2tt (2.2.5)
(a )
In a p a r t i a l l y  accommodated r e f l e c t i o n  system K 
f y A p e  (a) an<^  r e la t io n  between and N^(s) becomes
N (s )  = K. a (a)
R_
2tt (2 .2 6 )
The in varian ts  K and in a s ta t io n a ry  s ta te  o f  a c lo s e d  system can be
determined from the given  t o t a l  number o f  m olecules in the system (or 
the t o t a l  energy o f  the gas in the system ), the temperature d is t r ib u t io n  
fu n c t ion  on the boundary, and the accommodation c o e f f i c i e n t  in a f u l l y  or  
a p a r t ia l l y  d i f fu s e  r e f l e c t i o n  system.
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Since the d en s ity  in a f u l l y  d i f fu s e  r e f l e c t i o n  system (a = 1)
is
^   ^ TT 2TT
n ( x )  = K ^  _ [  J  - - - - - - - - -  s i n  cp d  cp d  0
cp=o e=o A p . o
and the den s ity  when a ^ 1
,  TT 2TT
na (*> = K(a) /  I
c p = 0  0 = 0  A p , 0 ( a )
s in  cp d cp d 0
(2 .2 7 )
(2 .2 8 )
we have the t o t a l  number o f  m olecu les in terms o f  the in varian ts  K or K
( a )
given by
TT 2 TT
N -  J  n ( x ) d x  = |^ J J J  - " 1 s i n  cp d  cp d  0  d  X
V V cp=0 0=0 ^ p , 0
(2 .2 9 )
or
_  K. x it 2tt ^
N = J na (x )d x  = J j  J* - -------  s in  cp d cp d 0 dx . (2 .3 0 )
V cp=0 0=0 ' ' Tcp,0
Thus, the in varian ts  K and K. N can be evaluated  as f o l l o w s :( a )
K = 1 TT 2TT 1
7^  J J I  . . Sin cp d cp d 0 dx 
V cp=0 0=0 A p , 0
(2 .3 1 )
K N
( a )  1  tt 2 tt
7^  J J I  '______ s in  cp d cp d 0 dx
v T
(2 .3 2 )
V cp=0 0=0  ^ cp ,0 (a)
Now, f o r  a f u l l y  d i f fu s e  r e f l e c t i o n  system with accommodation c o e f f i c i e n t ,  
a = 1, the s o lu t io n  in the system has been com pletely  s o lv e d .  But, f o r  a
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n o n - f u l ly  accommodated r e f l e c t i o n  system, the gas temperature d i s t r ib u t io n
from the w a l l ,  T N s t i l l  has to  be determined in order to  so lv e  the cp,0 (a>
problem com pletely»
H„ Temperature D is t r ib u t io n  o f  Gas R e f le c te d  
from the Boundary (T Q/ . )cp » 9  ( a ) 7
In order to  determine the gas temperature d i s t r ib u t io n  from
the boundary, T A , * ,  in  a p a r t i a l l y  d i f f u s e  r e f l e c t i o n  system, we s h a l l  cp,ü(aj
f o l l o w  the d e f i n i t i o n  o f  the accommodation c o e f f i c i e n t  a ( s ) ,  i . e . ,
E , ( s )  - E (s )
E ( s )  -  E (s )  1 w
(2 .3 3 )
where E. and E  ^ denote the mean energy ca r r ie d  by the in c id en t  and
r e f l e c t e d  m olecules toward and away from the s u r fa c e ;  E denotes the
energy o f  m olecules w ith  the same mean energy as these in a stream
issu in g  from a gas in eq u ilib r iu m  at the w a ll  temperature T^(s)o
Since T ( s )  is  g iven , and E^(s) = Na (s )  e ^ ( s ) ;  E^ = Na ( s ) er ( s )s
E. = r N ( s ' )  T ( s ' , s )  d s '  where T ( s ' , s )  is  the energy t r a n s i t io n  i  0 . a 6 ,r
s
p r o b a b i l i t y  (or k e rn e l)  which denotes the mean energy c a rr ie d  by a m olecule 
r e f l e c t e d  from the w a l l ;  and N ( s )  is  the su rface  c o l l i s i o n  d en s ity  at s .
cl
From the d e f in i t i o n  o f  the accommodation c o e f f i c i e n t ,  we obta in  
the fo l l o w in g  in te g ra l  equation f o r  the energy d i s t r ib u t io n  fu n c t io n  o f  
the gas coming from the boundary,
N  ( s )  e  ( s )  =  ( l - a ( s ) )  J Na ( s ' )  Tg r ( s ' , s ) d s '  + a (s )N a (s )  ew( s )
(2 » 34)
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I t  is  in te r e s t in g  that the su rface  c o l l i s i o n  d en s ity  (N (s)) is  s t i l l  a
cl
constant s in ce  i t  s a t i s f i e s  the same in te g r a l  equation  fo r  the f u l l y  
accommodated system. Thus, Eq, (2 .3 4 )  becomes
e r ( s )  = (1 - a ( s ) )  J Te r ( s ' , s ) d s '  + a ( s )  e ^ s )  . (2 .3 5 )
s '
E v id e n t ly ,  Te > r ( s ' , s )  = e r ( s ' )  T ( s ' , s )  . (2 .3 6 )
T h ere fore ,  e ^ (s )  s a t i s f i e s  the fo l lo w in g  Fredholm in te g r a l  equation  o f  the 
second kind
form,
er ( s ) = (1 - a ( s ) )  J er ( s ' )  T ( s ' , s ) d s ' + a ( s )  e ^ (s )  • (2 .3 7 )
s 1
Sometimes i t  may be u s e fu l  to w r ite  Eq. (2 .3 7 )  in the shortened
F_[e  ( s ' ) ]  = a ( s )  e ( s ) ,
o  JL W
(2 .3 8 )
in which we introduce the Fredholm l in e a r  operator
Fs[ e r ( s ' ) ]  = er ( s ) " [ 1  - a ( s ) ]  J T ( s , s ' ) e r ( s ' ) d s '  . (2 .3 9 )
s 1
The s o lu t io n  is  standard in the theory o f  l in e a r  in te g r a l  equations . How­
e v e r ,  f o r  many p h y s ica l  problems, the temperature d i s t r ib u t io n  and 
accommodation c o e f f i c i e n t s  on the boundaries are homogeneous. Thus, Eq. 
(2 .3 9 )  can be so lved  e x p l i c i t l y  by the matrix theory in the fo l lo w in g  form:
[ e  .] = [ a . e  .] { [ I . . ]  - r j  l  wi l j (1 - a . ) T .  .]1 1JJ
-1 (2 .4 0 )
S im ila r ly ,  the temperature d i s t r ib u t io n  f o r  gas leav in g  the boundary can 
be determined by the same in te g r a l  equation ,
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Tr ( s )  = [1  - a ( s ) ]  J T ^ C s ' ) T ( s ' , s ) d s ' + a ( s )  T^(s)  (2 .4 1 )
s '
in which, T ( s )  and T ( s ' , s )  are known from the boundary c o n d it io n s .  Thus, w
f o r  homogeneous boundary c o n d i t io n s ,  we o b ta in ,
[T  ] = [a .T  . ] { [ ! .  .] -  (1 - a . )  T. .} r L l  wi i j  v i /  i j
-1 (2 .4 2 )
As an example, we may ob ta in  the temperatures r e f l e c t i n g  from the 
boundaries o f  two p a r a l le l  p la tes  at su rface  temperatures and T^, with 
accommodation c o e f f i c i e n t s  a^ and a^ to  be,
[T  ] = [ a . T . ]  r . l  l
J
r i  o
o i j
- (1 - a . )
' 1
 
o
1----
r—1
r—H
__
1
—
io
-1
Ca l Tl ’ a2T2^
V 1 -1
V 1
al Tl  + a2 ^1' a l ^T2 
. a l  + a2 a l a2
a2T2 + a l
a l  + a2
( l - a 2 )T
a l a 2
(2 .4 3 )
Since T . N is  a fu n c t io n  o f  T , N, the invarian t K. N can be determined 9 (a) r ( s )  (a)
by Eq. ( 2 .3 2 ) .  Thus, the d i s t r ib u t i o n  fu n c t io n  in  a p a r t i a l l y  accom-
modated system has been com plete ly  so lv ed .
I .  Thermal T ran sp ira t ion  Chain
In order to  demonstrate the a p p l i c a b i l i t y  o f  the re v ise d  thermal 
t ra n s p ira t io n  law, we s h a l l  con s id er  a simple system and a thermal tra n s ­
p ir a t io n  chain as shown in F igures 2 and 3 in fr e e -m o le cu la r  regime. The
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temperature d i s t r ib u t io n  on the boundaries o f  each system is  given and 
the d e n s i t ie s  (n ) in the f i r s t  reg ion  in each system are a ls o  used as a 
r e fe r e n c e .  The d i f fu s e  r e f l e c t i o n  law with f u l l  accommodation on the boun­
dary has been assumed. However, the p a r t ia l  accommodation boundary c o n d i ­
t io n  a f f e c t s  only the temperature d i s t r ib u t io n  on the boundary accord in g  to  
the Eq. ( 2 .4 1 ) .  The p ressu re ,  tem perature, d en s ity  and is o tro p y  at s p e c i f i c  
p o s i t io n s  in each reg ion  have been c a lc u la t e d .  In these examples, the 
re v ise d  theory o f  thermal t r a n s p ir a t io n  has been shown to  be v a l id  in a l l  
the r e g io n s ,  and the c l a s s i c a l  th eory ,  on the other hand, is  not  applicable , 
in many reg ions where the a n is o t r o p ic  d i s t r ib u t io n  fu n c t io n  o ccu rs .
The p h ys ica l  and geom etr ica l  p ro p e r t ie s  in both systems are shown 
in the fo l lo w in g  ta b le s :
T A B L E  1
THERMAL TRANSPIRATION SYSTEM (FIGURE 2)
—>
X T(x) n (x ) P(x) 0 < I ( x )  < 1
A T1 K À " na
mKR 1 K = nA i
B ^ T1T3 k%(A  + 7 ^
m K R % (^  +
2 (T xT3) %
K
C T3 mKR 1 K
D J t 2t3 K%(-t=  + - i )
V L  T V
mKR%6/ r ^  +
2 ( I 2T3) %
J ’h + J h
K
E T2 mKR 1 K
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I t  is  ev id en t  that
b u t ,
^  a T  a  ^  ^  '
Pi I i
-------  = K (con stan t )VÎT
(2 .4 4 )
(2 .4 5 )
at any p o s i t i o n .
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Table 2
Thermal Transpiration Chain (Figure 3)
* T U ) n(x) p U ) 0  < I(x) < 1 „ y r i = ^  —
, / T  mR
A T i
K à 3 n *
m K R ^/T i 1 K = n4 7 Ti
B / t T t 2 m K R ^ y T i  + y r 2 )
2 (T1 T 2 )T
y f i  + y r 2
K
c t 2 K —  
/ l 2
m K R y ïg 1 K
D
'/ T 2 + 5 ( ' / T 5 + A )
A). m KR J A I 2 +  (A T 3 +
2 K
J -  + i /  J ^ + - U  
y r 2 2 \ y r ,  v r J ArAiA +A) A / V ' è { ,/ T 3+ '/T « )
E v ' V Ü K2 (A "  A,) m K R |-( y T 3  + y r 4 )
2 (T3 T4 )T
y T j  +  - / t 4
K
F
7 t5 + y T 6 + y ï 7
+ _ L  +  _ k  
y T 5 a t 6 y r 7
k^ (A5+A  + AJ ( A T 5 + > / %  -*--\/=Tr) 3
V A +A +A  v ^ T 5 + V T 8 + y r 7
K
G
y v | ( y T 5 + y ï 6)
k*[A8+2(A5 + AJ mKR J A T b +  2  ( A ïs  +  A T 6)j 2 KX .  + 1 /
y r 8 * \  v t 5 s ? J vA +^ (A+A)
H t8 K ~  
yT Q
m K R V % 1 K
X
a v a t * + i  +a ï i 2 
X ^ + _ L  + -X _  + X _
ATg A lio  A ïn  AT12
K l ( x + 1  +  X  +  X  )  
v a t 9 v t 10 a ï ^  a t 12 /
m K R ^ -(v /T9 +>/Tj_o + -'/^ i2  ) 4
A A  v f e  +A  A  A ^ +' / tioV tu +-a 2
K
J Ti mKR^ (Â+yTlî)
2 (T i )1
* » * k
K
K A T 14T15 K2 (Am+A=) m K R |-( y T M+ - / f 15) 2 (T14T15) TATl4 + AT15 K
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I I I .  DISCUSSION
The s o lu t io n  o f  f r e e -m o le cu le  f low  in a c lo s e d  system with a 
non-uniform temperature d i s t r ib u t io n  on the boundary has been obtained 
both fo r  a f u l l y  d i f fu s e d  and accommodated system and f o r  a f u l l y  d i f fu s e d  
and p a r t i a l l y  accommodated system. A se t  o f  in v a r ia n ts ,  such as n/ t I ,
2 <yï
pnl , has been found throughout the system. In terms o f  these in v a r ia n ts ,  
the c l a s s i c a l  theory o f  thermal t ra n s p ira t io n  by Maxwell and Knudsen has 
been r e v is e d .
The re v ise d  theory  o f  thermal t r a n s p ir a t io n  has many a p p l ica t io n s
in the f i e l d  o f  r a r e f ie d  gas k in e t i c s  such as thermal conductance in a
i i  • • i 6 ,9 ,1 0 ,1 1 ,1 2  , , , , 13,14 , _c o i l i s  io n le ss  gas, Knudsen s abso lu te  manometer and Crookes
15radiom eter, and some o th er  com plicated  thermal t r a n s p ira t io n  system.
A fu r th er  study o f  th is  problem can be made in the nearly  f r e e -  
m olecular regime and h igher order t r a n s i t io n  f lo w s .  The s o lu t io n  may be 
obtained by using a formal expansion (asym ptotic )  to  the in te g ra l  equation 
fo r  su rface  c o l l i s i o n  d en s ity  from the fr e e -m o le cu la r  s o lu t io n  as the 
zeroth  order approximation and using the inverse  o f  Knudsen number as i t s  
expansion parameter. The Boltzmann equation may be w r it te n  in an it e r a te d  
form from the fr e e -m o le cu le  f low  s o lu t io n  as i t s  zeroth  order approxima­
t io n .  A se t  o f  in te g r a l  equations fo r  the su rface  c o l l i s i o n  d en s ity  and 
the i t e r a t i o n  o f  Boltzmann equation  are coupled  and a complete i t e r a t i o n -
expansion scheme may be form ulated which is  s im ila r  to  the i t e r a t i o n
16scheme proposed by Wu f o r  the in tern a l f low  problem in r a r e f ie d  gases .
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